
 

5.2 Derivatives of Logarithmic and

Trigonometric Functions

Proposition 5.4 Derivative of inverse function
Lef I e R be a non trivial Interval

f I IR a continuous strictly monotonic

increasing function and g ft J R the

corresponding inverse function Jef CII
If f is differentiable at xeI and f'G to

then g is differentiable at y ft and
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Proofi
Let Yu Kem C Jug so get g a sequence
with feygyk y Set i g yr
As g is continuous Prop 4 6 we have

fish Xk X Xk F X K K Cg is bijective

Thus we compute
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Example 5.6

log IR o R is the inverse function to
exp IR IR Thus Prop 5.4 gives

log x e.pt p expceTogx

txRemark53i

We have the following expression for
the number e

e fires int

Proofi
As log'll L we have

fineneogfitt Eyes loglittle I



Now use

Ith expfnlog Hk
and therefore due to continuity of exp
Lisa Ith exp i e

In order to compute derivatives of sin
cos and other trigonometric functions
we need to work with complex numbers
briefly
Recall see Lecture D
A complex number 2 c E can be written as

2 a ti b a b EIR
and we have i 2 1
Geometric representation

Im sum
ca ti b t et idi b oh at C ti Cbt d

i n product
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vector ac bolt be ad



Absolute value Ia2bT pizz
where I denotes the complex conjugate
of 2 I i a i b

multiplication by i
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we see that multiplication by i
amounts to rotation by E degrees

Now let's look at the following function
fCt e it

we have f o e
0 1 and

IfA the eiteit e ite it eo I



Furthermore

dtd fltl ie.it d if eite it

Pictorially this gives theeocity
Im piedI

in ni ddftt.co

ein

e ie
SRE

we can think of fCH as describing the motion

of a particle on the plane

IfCHI I the particle moves along
the unit circle

ldd.FI I the particle traverses the
full circle in a time
It 2T

Altogether we see that eit is a map from
o 2T to the unit circle on a



Let us next look at an arbitrary point P of
the unit circle 7 XE Lo 2T with F e

Im
i

P eix
sinx

she
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This gives the famous
Euler formula

ei cos x i sin x

Proposition 5.5

For all e R we have

i cosx f ei
x

e
ix sinx Life e
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ii cos C x cos x Sin tx sinx

iii cos 2x sink L

Proof
These follow directly from Euler's formula



Propositions
The functions cos IR IR and sin IR R

are continuous on all of IR
Proof
Let a c R and Gu ueyy a sequence with

figs Xu a Then we have Lingeix eia
and therefore
fins cos xn findReceitt Receia Cosa

Ling siu Xu him Im eik Inn eia sina

cos and sin are continuous in a

I

Proposition 5.7

For all x y e R
we have

cosCxt g cos x cosy sinx sing
Sin x y sin x cosy t cosx sing

and in particular
cos 2x cos2x sink 2 052 1

sin 2x 2 sinx cos

Proofi
Use eifty eixtiy eixeiy



Together with the Euler formula
this gives

cos x y ti sinfxty cosxtisinx cosy tising
cos x cosy sinx sing ti sinxcosytoosxsing

Now compare real and imaginary parts
and the statement follows I

we are now ready for
Proposition 5.8

cos x sinx sin x cos x

Proofi
we have that dqeix.ie ix Plugging this
into the Euler formula we get

cos isin x i cos xtisinx sinxticosx

Comparing real and imaginary parts

of both sides gives the statement
I


